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What are we on about when we talk about genetic
influences?

“Having 5 fingers genetically determined”
“DNA includes a blueprint to build a hand”




normal polydactyly leprosy

phenotypic difference 6 — 5 = +1 with a genetic cause
(related to genetic difference - mutation)
phenotypic difference 3 — 5 = -2 with an environmental cause
(related to environmental difference — bacterium)



Phenotype: continuously varying, genetically complex.

¢.g. (1deally) normally distributed

e.g., binary (dichotomous, 0-1 coded) phenotype

(based on continuous phenotype; liability threshold model).

Distribution of HADS Scores in Cancer
Outpatients (n=3071)

Depressed
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The phenotype 1s a quantitative trait, a metric trait, a complex trait



Genetically complex:

Individual differences in the phenotype are subject to
the effects of many genes of small effects, a.k.a.
polygenes, minor genes. How many? Hundreds
(Educational Attainment, Height) ... Thousands....?

Phenotypic individual differences are attributable to
genetic individual differences 1n a large number of
polygenes, a.k.a. QTLs (quantitative trait loci).

Polygenicity implies phenotypic continuous
distributions



People differ phenotypically
Q. How to quantify individual differences?

: L2 0 D
Variance: s?, 62, 6%y, var(X), Vy

N
mean (X) H—%ZX

[ —

> 1
variance (X) U“_N Z

i=1

X; 18 the phenotypic value of person 1 (1=1,...,N)



height in inches - sex differences in the distribution
how? sex differences in mean and 1n variance.

//\-\ Women

55 60 65 70 75 55
Height (inches)

Some continuously distributed phenotypes are
approximately normally distributed e.g., height, 1Q.
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Means, Variances and Covariances

,U:E(X):inf(xi) %ix

i=1

Var(X) = E(X — u)’ 7 N
-_%Z

:Z(xi_:u)zf(xi) =

ox Me of v

Cov(X,Y)=E(X — u, (Y - py) Cov _Zm % 7 e
Z(xi _IUX)(yi _,Uy)f(xl.,yl.) . l.l d:l:ulvalu of y

i

We need the covariance: express the phenotypic
relatedness among family members



Important to understand!

1,1,2,2,3,4,5,5,6,6

mean = (1+1+2+2+3+4+5+5+6+6)/10
=36/12=13.5

f(1)=2/10= .2 2% +
f(2)=2/10= .2 2% +
f(3)=1/10=".1 1%3 +
f(4)=1/10=.1 1%4 +
f(5)=2/10= .2 2%5 +
f(6) =2/10 = .2 2%6

N
2_i=1Xi

N

po=

,Ll=E(X)=le.f(xl.)



1,1,2,2,2,3,4,5,5,5,6,6

mean = 3.5 IUZE(X)Zle.f(xl.)
f(1)=2/10= 2 2%(1-3.5)2 +

f(2)=2/10= .2 2%(2-3.5)2 +

f(3)=1/10=".1 1¥(3-3.52+ Var(X)=E(X — u)’
f(4)=1/10=".1 1%(4-3.5)2 + ,
f(5)=2/10= .2 2%(5-3.5)2 + =2 (o, — ) f(x,)
f(6) =2/10 = .2 2%(6-3.5)? ’

variance = 3.45
standard deviation (stdev) = Vvariance
stdev = V3.45 = 1.857



covariance

Mean of x Mean of y

Cov(X,Y) = E(X — 1, \Y — ) Cov,, = E(xi-)l—q (yi-;)//(ﬂ- 1)
Z(xi _IUX )(yz _:uY )f(xiﬂyi) = I Indiv1ildual value of y

Individual value of x

correlation

Cor(X,Y) =Cov(X)Y)/ \ [Var(X)*var(Y)] =
= Cov(X,Y) / [stdev(X)*stdev(Y)]

Cor(X,Y) 1s — stand-alone - interpretable

MZ covariance 1s 291.... uninterpretable
MZ correlation 1s .80 .... interpretable



Linear association between continuous variables:
covariance or Pearson Product Moment (PPM)
Correlation Coefficient, r.

MZ r=.90
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To what extent, and how, are

individual differences in genetic makeup, and

individual differences in environmental factors, related to
phenotypic (observed) individual differences ?

U

To what extent, and how, do

individual differences in genotypes, and

individual differences in environmental factors, explain
phenotypic (observed) variance?

Var(X) = E(X — u)’

= Zi:(xi _/Ll)zf(xi)



terminology

QTL Quantative trait locus: a sequence of DNA base pairs
(may be a SNP “snip”: single base pair). a.k.a. genetic variant

Autosomal locus: the site of the QTL on a chromosome (22
pairs + XY). Humans are dipoid (22 pairs autosomal
chromosomes + sex chromosomes XY or XX). An
autosomal locus 1s located on one of the 22 pairs.

Allele: an alternative form of a gene at a locus
Genotype: the combination of alleles at a particular locus

Complex phenotype: an observed characteristic, which
displays individual differences (in part due to differences at
many loci... how many?)



3 alleles A-B-O (blood group)

Locus: autosomal chromosome 9, long arm (q), position 34.2

oo e tagead gasan T e oenan
S AR I SEg PRy BT, BRgLE%
(W I N N OO NN N N — j
9¢34.2
telomere centromere telomere
locus
(of allele A,B, or O)

This 1s a member of a pair (autosomal chromosomes
come 1n pairs).

BehGen pt 1 ppt 1 16



Example of a QTL: FNBPI1L gene

The FNBPI1L gene has been associated with intelligence 1in two studies:

* Mol Psychiatry 2012 16 (10), 996-1005
* Mol Psychiatry 2011 19(2): 2538.

This gene 1s on chromosome 1 (1p22,1), and 1t comprises 106531 bases
(106.5KDb). Within this gene the SNP rs236330 specifically 1s associated
with intelligence.

Chr 1
M - ™
- - M 0N (] (] - N OO HMON - M 0?0! l.’\.lf.‘"fv.-! Q!‘i(\f t-!l.’\'l
w0 T ON ! - N - HMOM ! 0N - - [ DWW - « &N N ! NN M
M M MM MOMm () "M NN N - — NN NN NANM OO M M < g < <
Q Qo Q9 2 Q Q o 2 29920 o o o U o U o000 T o T o o0 O T

=

here 1t 1s!



Blood type A Blood type B
[ 1
AO BO
M Aallele —
Codominance
. B allele —/
D O allele — Recessuve‘/ l

Blood type A Blood type AB Blood type B Blood type O

A-B-0 locus
chr 9 location 9q34.2

Mendelian inheritance

The law of segregation



Consider a single diallelic locus with alleles A and a

Set up the model to relate the locus (A-a) to the
phenotypic variance.

How does the locus contribute to phenotypic individual
differences?



Population level

1. Allele frequencies (QTL: diallelic autosomal)

> A single autosomal locus, with two alleles
- Biallelic a.k.a. diallelic

> Alleles A and a

- Frequency of Ais p — frequencies in the population
- Frequency of aisg =1 -p

> Every individual inherits two alleles
- A genotype is the combination of the two alleles
- e.g. AA, aa (the homozygotes) or Aa (the heterozygote)
* what are the genotype frequencies?



Biometrical model for single biallelic

QJI'Biallelic locus

- Genotypes: AA, Aq, aa
- Genotype frequencies: p?, 2pq, g2

Mother’s gametes (egg)

Genotype %’ Alp)  afq)
frequencies o A 2
(Random § e (p)| AA(p?) Aa (pq)
mating) 52 alq)| aA(gp) aal(g?)

Hardy-Weinberg Equilibrium frequencies
P (AA) = 7
P (Aa) = 2pq p*+ 2pq +q? =1
P (aa) = g°



Phenotype level: contribution to continuous

variatig@@ometric Model

aa Aa AA
O @ ®
—a d +a «—— Genotypic effect
U—a u+d UK+ a +— phenotypie means within

each genotype (aa, Ag,
AA) ...... conditional on

genotype

Q: Phenotypic mean conditional on genotype means what?
A: Take all @a individuals and calculate their mean phenotypic value:
1 — a (the phenotypic mean conditional on genotype aa)



Biometrical model for single biallelic

QTL
1. Contribution of the QTL to the Mean
Genotypes AA Aa aa
Effect, x p+a n+d u-a
Frequencies, f(x) p? 2pq q?
(uta)(p?) + (u+d)(2pq) + (u-a)(q?) = see slide 111

p+a(p?) +d(2pq) - a(q?) =
p* a(p-q) + 2pqd

the unconditional mean  u+ a(p-q) + 2pqd =+ m
contribution of the QTL  m = a(p-q) + 2pqd



Biometrical model for single biallelic

QTL
2. Contribution of the QTL to the Variance (X)

Genotypes AA Aa aa
Effect (x) u+a u+d Uu-a
Frequencies, f(x)  p? 2pq q?

m= a(p-q) + 2pqd

s%phqn = (a-m)?p? + (d-m)*2pq + (-a-m)?q?

see slide 12/



Q: WAIT!!! What happened to u?

s2ph_qL : (d-m)*2pq + (-a-m)*q”

actually

@)—(mm))zpz (( + d)=(rhm) 22p + ((-2)~( +m) 2

@(uﬂnn - (u @ ~ (a-m)

A: u cancels out.

25



Biometrical model for single biallelic

QTL
S2Ph_(:2TL = (a-m)?p? + (d-m)22pq + (-a-m)2g?

= 2pqg[a+(g-p)d]? + (Zpqd)?

= s%p_qri(a) + S%ph_ QD)

Additive or linear effects give rise to variance component
s%p_qri(a) = 2*pqlat(qg-p)d]? (additive genetic variance)

Dominance or within local allelic interaction effects give
rise to variance component

s%p,_QTLD) = (2pqd) 2 (dominance variance)




Biometrical model for single biallelic

QTL

$°ph_Qr= (a-m)?p? + (d-m)?2pq + (-a-m)2qg?

= 2pg[a+(g-p)d]? + (Zpqd)?

= $%pp_ari(A) + s%p_qri(D)
Additive effects: s2p, qr(p) = 2*pgla]?
Dominance effects: s2p, qnip) = 0 (d=0)
aa Aa AA
@ s> O




Biometrical model for single biallelic

QTL 52, o = (o-m)2p? + (d-m)?2pq + (-a-m)?q?
= 2pg[a+(qg-p)d]? + (ZPquP
|

= s%p, qra) + S%ph_aTi(D)

Additive effects: s2p, qra) = 2*pgl[a+(g-p)d]?
Dominance effects: s2p, qnipp) = (2pgd)?

da Aa AA

O P—@

p—a ptd - pra

Q: what 1f d =0 and a =07?



S2Ph_QTL(A) and SZPh_QTL(D)
I understand,
but I don’t understand
I think I might understand
or not...?

I know the feeling



Suppose we measure the QTL and the phenotype and
regress X on QTL.The scatterplot of the data
(aa coded 0; Aa coded 1; AA coded 2 - call it QTL,).

we ask:

20
O
o0

how much of the phenotypic
s o variance 1s explained by the
w predictor (QTL ,)?

15

0 | 2

In the following slides we look at the regression lines only
(not plotting the residuals — just to avoid clutter).



Linear regression model y; = a, + a,*x; + ¢;

x = predictor (variable) ... here: QTL,, values: aa (0), Aa (1) , AA (2)
y = dependent (variable) .... here: phenotype (ph)

¢ = residual (variable) ....

a, = Intercept (parameter often denoted b))

a; = slope or regression coefficient (parameter often denoted b))

variance of y equals a,?*s?, + s,
variance explained  a?*s?
standard effect size: R?= {a?* s2,} / {a’* s?, + s%.}

_ % _

Ypredicted o aO_I_al X Cestimated — Y ~ Y Ypredicted
—q 2%

Var(Ypredicted) = a1~ * Var(x) var(e)



Linear regression model pheno; = ay + a;*QTL,; + ¢;

Phenotype
Yk\
o

1@
B | | | | |
0.0 05 1.0 15 20
aa Aa AA
QTLA
variance of pheno a12*s% T, T S%

variance explained  a;**s’qp ,

Warning!!! Next slides without residual (error) terms



phenotype

e terms not shown!!!!

0 | 2
@ S O
p-a n pta

u+a

regression model
ph; =a; +a,;*QTLy; + ¢

v

s2ph_amiia) =2 pqlat(g-p)dJ?

$2ph_ariia) = a12*S%01L 4

'

variance of pheno  a,2*s’qy, + 8% = 2*pgla+(g-p)d]? + s%,

variance explained  a;**s’gyp, =

=2*pg[a+(qg-p)d]?



phenotype

12

11

10

1 e terms not shown!!!!

@ Wta
@® 1+

@ L-a
0 2
aa Aa A4
O S@
U— a +d pta

Explained variance (blue line):
s?ph_ari(a) =2~ pgla+(g-p)d]?
$2pn_Qru(A) = a12¥s2o1L 4

Not explained
s%ph_qri(D) = (2pqd)?

Important to note:
s?, includes s2p, qr(p)



explained by additive model 1 explained by additive model 0.949

o o
0 _ d:O 0 _ d?éo
o o
$ o $ o
& S s S
0 0
@ @ 7]
o | e |
TN T T T T T T T T T
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
geno geno
explained by additive model 0.823 explained by additive model 0.676
o | SE
S 7] S T
g o | g o |
& © s ©
[To] Yo
S 7] S 7]
o | e |
TN T T T T T T T T T
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
geno geno

s?p,_ari(a) always greater than zero (given d £ 0 & a>0)

s?py,_qr1(p) €an be zero (additive model d=0)



What about the dominance variance? Can we estimate that?

regression model ph; = a, + a;*QTL,; + d,;*QTLp; + ¢;

genotype QTL, QTL, p=.5
AA 2 4%*p-2 0
Aa (aA) 1 2%p 1
aa 0 0 0

2 — g 2%2 2% 2 2
S“ph — 4 SQTLA+d1 S“QTLp T S7e

52Ph_QTL(A)= 312*52QTLA :2*Pq[ +(Q'P) 12
s2ph_arp) = d12*s%gr, = (2pqd)?

Dominance deviation can p+d (positive) or p-d (negative)
Q: If we know the value of SzQTLD do we know the sign of the
dominance deviation?



regression model ph; = a, + a;*QTL,; + d;*QTLp; + ¢;

2 — g 2%2 2% 2 2
S"ph — A4 SQTLA+d1 S“QTLp T 8%

\ AN

2*pg[at(gp)d]?  (2pqd)?

Dominance deviation can p+d (positive) or p-d (negative)

Q: If we know the value of S2Ph_QTL(D) do we know the sign of
the dominance deviation?

aa Aa A4

@ | S0
pP— 2 ptd pta




I haven’t measured any QTLs!
What am I supposed to do?

Thank you!
Good question



Remember slide 13 ? Of course you do!

covariance
Con(X,Y)=E(X — 1, \Y — s, )

Z(‘xi — Hy )(yi — Hy )f(X,-,y,-)

z

correlation |
Cor(X)Y) = Cov(X\)Y) /N [TarX) *var(Y)] =
= Cov(\)Y) / [stdev(X) *stdev(Y)]

Q: How does locus A-a contribute to the phenotypic
covariance among family members?
A: Depends on the exact relationship




Biometrical model for single biallelic

QTL

3. Contribution of the QTL to the Cov (X.Y) -
Cov(X,Y) = Z(xi _IUX)(yi _IUY)f(xi:yi)

person 2 (y;)

person 1 (X;)

AA (a-m) Aa (d-m) aa (-o-m)
AA (a-m) (o-m)? (a-m) (d-m) (a-m) (-c-m)
Aa (c-m) (o-m) (d-m) (d-m)? (d-m) (-o-m)
aa (-o-m) (a-m) (-c-m) (d-m) (-o-m) (-c-m)?

m= a(p-q) + 2pqd

Q: What about the f(x; y,)?



Biometrical model for single biallelic

QTL
3A. Contribution of the QTL to the Cov (X.Y) - MZ twins

Con(X,Y) = 306 = g N =4, )/ (%, 37)

AA Aa aa
AA p2 0 0
Aa 0 2pq 0
aa 0 0 q2
Cov(X,Y) = (a-m)2p? + (d-m)22pq + (-a-m)2q?

= 2pqglat(g-p)d]? + (2pqd)?

= s%p Qr(A) + s%p Qr1(D)



Biometrical model for single biallelic

QTL
3B. Contribution of the QTL to the Cov (X.Y) - Parent-Offspring

Cov(X,Y) =D (x, =ty N, = tay ) f (3., )

parent

AA Aa aa

P*q Pq pq?

child




given an AA parent, an A4 offspring can come from either 44
x AA or AA X Aa parental random mating types

AA x AA will occur p? x p? = p*
and have 44 offspring Prob(AA)=1

AA X Aa will occur p? x 2pq = 2p’q
and have AA4 offspring Prob(AA)=0.5
and have Aa offspring Prob(Aa)=0.5
AA X aa Not relevant (offspring Aa)

Therefore, P(4A4 parent & AA offspring) = p? +.5%2%p’q
=p(ptq)
— p3



So can be complicated, but can also be simple ....

Offspring

Parent

AA Aa aa
AA p° P*q 0
Aa P’q Pq Pq?
aa [ 0 } Pq” q°

why zero probability {0}?



Biometrical model for single biallelic

TL
%B. Contribution of the QTL to the Cov (X,Y) - Parent-Offspring
Parent (X)
R AA Aa aa
—
o AA p° P*q 0
= Ad p?q Pq Pq?
= aa 0 2 3
g Pq q
Cov (X, Y) = (a-m)?p? + ... + (-a-m)2q°

= pqlat(gp)d]? =2 s%qna)



Biometrical model for single biallelic

TL
%C. Contribution of the QTL to the Cov (X,Y) - Unrelated individuc

p? 2pq q?
AA Aa aa
p? AA p4 2piq p2q?
2pq Aa 2piq 4p*q? 2pq?
q* aa p’q? 2pq° q*
Cov (X, Y)) = (a-m)2p* + ... + (-a-m)2q*
=0

Note 1f mating 1s random - the spousal correlation is zero.
Mother and father are Unrelated individuals !



Follow same method for full sibs and DZ twins
Derive genotype frequences ....

sl | s2 |eff| eff | freq frequency (p(A)=p, p(a)=q=1-p)
AAAAl a | a | rl p**Atp**3*qtp*E2*q**2/4
aa |aa|-a| -a | 12 pF*2*¥q**2/4+p*q**3+q**4
AalAald | d | 13 pr*3*RqE3*p**R2*g**Dp* 3
AA|Aa| a | d 4 pEE3*qHp**2*q**2/2
Aa|AA| d | a r4 pFE3*qHp**2*q**2/2
Aalaa| d | -a r5 pFE2EQFFDD+p*q**3

aa |Aal|-al| d r5 pEE2*QERDD+p*q**3
AAlaa| a | -a| 16 pH*E2*q**2/4

aa [AA|-a| a 16 pH*E2*q**2/4




Biometrical model for single biallelic

Qi-kontribution of the QTL to the Cov (X,Y) - DZ twins

DZ twin 2

DZ twin 1
Aa aa
AA r4 ré
Aa r2 r5
aa r5 r3
Cov (X, X:) = (a-m)?r1 + ... + (-a-m)?r3

= V2 2pq[at(q-p)d]? + Va(2pqd)? = Va s2qia+ Va s2qnp)



Genetic variance shared contributes to the phenotypic covariance

2 2
S"Ph_QTL(A) S”Ph_QTL(D)
Unrelateds 0 0
Parent - child Vs 0
full (DZ) sibs vz Z
MZ twins 1 1

Q: So how does this help to estimate s2 Ph_QTL(A) & 52 Ph_QTL(D) !
A: Come back this afternoon!



Covariance matrix (2x2) in MZ twins

MZ1 MZ?2
MZ1 |s?p,; (Variance) S%pn1,pho (COVariance)
MZ2 |s%p,1,p1p (COVariance) S%pp, (Variance)
MZ]1 MZ2
MZ 1 Szph_QTL(A) + S2Ph_QTL(A) +
s%pp, QruD) T S2rest s%pp,_QT1(D)
MZ2 SzPh_QTL(A) + s%pp,_qri(a) +
S“ph_QTL(D) s%pp QL) T S2rest




DZ1 D72
DZ1 | s S”ph1sPh2
DZ1 | S%pn15p1o S%p2
DZ1 D72
DZ1 SQPh_QTL(A) + /2 S2Ph_QTL(A) T
S2Ph_QTL(D) + S2resiL /a S2Ph_QT’-(D)
DZ1 | % S2Ph_QTL(A) + S2Ph_QTL(A) T

V4 $2ph_QTL(D)

2 2
S“ph_QTL(D) T S*rest




s2on, = 2pg[at(g-p)d]?  +(2pgd)? + residual variance

1: Genetic variance is due to individual differences in genotype
2: Genotype depends on alleles

3: Alleles are passed on from parents to offspring
4. Relatives share genetic variance, because they share alleles
5: Shared genetic variance contributes to phenotypic covariance

Offspring (DZ twins) share genetic variance, because they share alleles
Parents and Offspring share genetic variance, because they share alleles
Monozygotic (identical) twins share genetic variance, because they share alleles

If I know the proportion of alleles they share at locus,
I'll will know the contribution of the locus to the phenotypic covariance ...

Concept of allele sharing IBD .... IDENTICALLY BY DESCENT



Segregation and 1dentity-by-descent (IBD) 1n sibpairs

X
[A—
Lpajreknt | parent
fr— |
Ya Ya Ya ~ Ya



Sib 2

IDENTITY BY DESCENT (IBD) DZs
Sib 1

_ 1

11 11

L

DO | |
DO | D

- 4/16 = 1/4 sibs share BOTH parental alleles IBD = 2

8/16 = 1/2 sibs share ONE parental allele IBD = 1

4/16 = 1/4 sibs share NO parental alleles IBD = 0




IDENTITY BY DESCENT (IBD) MZs
Sib 1

L

Sib 2

DO | |
DO | D

[ ] 100% Mz sibs share BOTH parental alleles IBD = 2

0 sibs share ONE parental allele IBD = 1

0 sibs share NO parental alleles IBD = 0




Segregation and identity-by-descent (IBD) in sibpairs

O L
1/4

O L
1/4

14 14

What about parent offsping?
many alleles do they share IBD?
(decending from the grandparent)




(2 alleles IBD) (1 allele IBD) (O alleles IBD)
MZ twins Parent- Offspring Unrelateds
(P-O)
Cov(MZ) Cov(P-0O) Cov(Unrelateds)
$2ph_atL(a)t /2 $2p,_qrL(A) 0
s2Ph_QTl.(D)
slide 43 slide 47 slide 43

Note: spouses given
random mating




(2 alleles IBD) (1 allele IBD) (O alleles IBD)
MZ twins Parent- Offspring Unrelateds
(P-O)
Cov(MZ) Cov(P-0O) Cov(Unrelateds)
.25 DZ. twins .50 DZ twins .25 DZ. twins
$2ph_arL(a)* '/2 $%ph_ari(a) 0

52Ph_QTL(D)

average DZ genetic variance sharing (based on IBD):

25*(%ph_ari(a) * S%ph_ari(p) ) * -50*(/25%ph_ami(a) + 25% 0 =

.S*Szph_QTL(A)'l' 25% 52

Ph_QTL(D) «— slide 50




SzPh_QTLA: 2pq[a+(g-p)d]? SzPh_QTLD: (Zpqd)?

IBD=0 0 0 Unrelated
IBD=1 % 0 Parent - Offspring
IBD=2 1 1 MZ twins
IBD=0 0 0 25% () DZ twins
IBD=1 % 0 50% (*2) DZ twins
IBD=2 1 1 25% () DZ twins
average 0*%+ 2 * L +1*Y 0*/+0* o +1%7

=1/ =1/
proportion of alleles probability of sharing

shared IBD 2 alleles IBD



Q: Why do twins have to be IBD=2 to shared dominance variance?
(prob(IBD=2) = 1)?

A: Because similaries due to dominance effects are related to genotype not
individual alleles. You have to have the same genotype to shared dominance
variance.

Q: Why does the (average) proportion of alleles shared IBD reflect

shared additive genetic variance?

A: Because similaries due to additive effect are related to individual alleles.
Sharing an allele implies sharing additive genetic variance.

Q: If I know MZ twin are IBD=2, do I know what actual alleles they have?
NO: IBD i1s about sharing alleles, but if not says nothing about the

actual identity of the alleles. However, if relatives are IBD 2, you so know that
they have the same alleles (AA and AA, Aa and Aa, or aa and aa).



But all this was about 1 QTL!
What 1f there are >1 or > 100?

Thank you!
Good question !



Linear regression model N QTLs (N > 1... N>1000)

pheno; = ag +a;*QTL A ; +a,*QTL Ay +. ..+ ang™QTL oy
+d*QTLp); + a,*QTLpy; +. .. +dy*QTLpy; T g

siPh_QTL(A) =2%pq, [al+(q1-p1)di] 2+
2 P1Q1[a1+(q1'P1)d1]2+ .ot 2 quN[aN+(qN'pN)dN]2

2 +...Fa?

— 2 2% 2 * g2
s%ph_am(a) = 417 qra FA2 7 QLA >QTLAN

32Ph_QTL(D) = (2p1q1d)? + @padady)® + ..o F (2pndndn)?

2 = 4 2%2 2% 2 2% 2
S”Ph_QTL(D) di**s“orip; ¥ &7*S“omipy, 1 oo T ANTS0rLpN



Covariance matrix (2x2) in DZ and MZ twins

MZ1 MZ2
MZ1 |s2,+ s2p + s? s2,+ s2,
MZ2 |s2,+ s2p s2)+ s25 + 5%
DZ1 DZ2
DZ1 |s2,+ s2p + 52 hs2at Vas?p
DZ2 |Ys2,+ Vis?p s2,+ s2p + s

Point of departure (more or less) for later on




Slide acknowledgement: Manuel Ferreira, Pak Sham, Shaun
Purcell, Sarah Medland, and Sophie van der Sluis
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Numerical (toy) example.
Suppose a phenotype subject to the influence of one QTL and
environmental influences.

You observe the phenotype and the QTL 1n 500 individuals

I observe the phenotype S in 250 MZ and 250 DZ twin pairs



0 (aa) 1 (AA) 2 (AA)

0.236 (g°) 0.526 ( ) 0.238 (p°)
variance of the phenotype = 1.520
apt a;*QTL,; t ¢

-0.561

1.111

Multiple R-squared: 0.386

ag+a;*QTL,; + dy*QTLp; + ¢
-1.10449
1.114
1.028
Multiple R-squared: 0.560

0.386 * 1.520 = 0.586 == s%y or,— 2pqlat(q-p)d]?
(0.560-0.3806)*1.520
= 0.174%1.520 = 0.264 == S%y qrrp= (2pqd)?



cov (PhMZ) =

[1,]
[2,]

cov (PhDZzZ) =

[1,]
[2,]

0.736
0.311

.525

[,11 [, 2]
1.460 0.736
0.7360 1.343

.192

[,11 [, 2]
1.559 0.311
0.311 1.682

= g2
Ph QTLA

_ 1D 1/ o2
= Y28 orLa T 74 S°Ph QTLp

2
T S%h QTLp
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regression model vs biometric model

regression parameter a (henceforth b,)

average effect of allele substitution
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predicted values
bytb;*0 (aa)
bytb;*1 (Aa or aA)
bytb,*2 (AA)

difference in regression model
_ bytb;*1 - (by+b,*0) =
b=a bytb,*2 - (by b, *1) = b,

b, 1s the average effect of substituting A
o o s for a (or vice versa)

The parameter b, 1n the regression model corresponds to a
specific parameter 1n the biometric model, called o

Now: derive a from the biometric model.



a 1s the average effect (on the phenotype) of substituting
allele A for allele a - how to derive this?

Subpopulation of individual with first
allele A
(AA and Aa).

Subpopulation of individual with first
allele a
(aA and aa).

Population of all individuals
(AA, Aa, aA, aa)

BehGen pt 1 ppt 1 70



Population of all individuals (HWE)

genotype AA; freq = (p*p); effect = a

genotype Aa; freq = (p*q); effect=d
genotype aA; freq = (q*p); effect=d

genotype aa; freq = (q*q); effect = -a



Subpopulation of individual with first allele A

AA (effect a, freq = p)

AA (effect d, freq = q)

conditional mean
q o.; = mean(1st allele=A) = p*a + g*d

BehGen pt 1 ppt 1 72



Subpopulation of individual with first allele A,

aA (effect d, freq = p)

aa (effect -a, freq = q)

conditional mean (1st allele=a)
o, = mean(1st allele=a) = p*d + g*-a

BehGen pt 1 ppt 1 73



average effect of allele substitution o = a + d(q-p)

conditional mean a; = mean(1st=A) = (p*a + q*d)
conditional mean (Ist=a) o, = mean(1st=a) = (p*d + q*-a)

difference o = average effect of allele substitution
=0, -0, =(p*a+q*d) - (p*d+q*-a) =

pa+qd -pd +qa =

pa+qa-pd+qd=

(p+tq)a +d(q-p) = a + d(q-p)

b, is the average effect of substituting A for a (or vice versa)

b; =a=(a+d(q-p)



parameter a derived from the biometric model
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o defined 1n the regression model (b;) and in the biometric model (o)

b, =a=(a+d(q-p)
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