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Abstract It is well known that the regular likelihood ratio
test of a bounded parameter is not valid if the boundary
value is being tested. This is the case for testing the null
value of a scalar variance component. Although an adjusted
test of variance component has been suggested to account
for the effect of its lower bound of zero, no adjustment of
its interval estimate has ever been proposed. If left unad-
justed, the confidence interval of the variance may still
contain zero when the adjusted test rejects the null
hypothesis of a zero variance, leading to conflicting con-
clusions. In this research, we propose two ways to adjust
the confidence interval of a parameter subject to a lower
bound, one based on the Wald test and the other on the
likelihood ratio test. Both are compatible to the adjusted
test and parametrization-invariant. A simulation study and
two examples are given in the framework of ACDE models
in twin studies.
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Introduction
Confidence intervals

Statistical models, such as structural equation models (SEM),
have been widely used in the analysis of twin and family data.
Consequently, confidence intervals (CIs) are routinely pre-
sented along with point estimates of model parameters to
quantify the uncertainty of parameter estimates due to sam-
pling errors. Let & = (0,¢’)’ be the parameter vector in a
model in which 6 is the parameter of interest and { is the vector
of other parameters. A 100(1 — «) % CI of 0 is defined as the
set of all test values 0y such that the following statistical testing
problem does not reject the null hypothesis at level «
(Lehmann 1986, section 5.6):

0+ 0 (1)

By definition, the construction of a CI is usually
performed by inverting a test, or finding the true values
that cannot be rejected by this test. If test (1) is performed
using the Wald statistic

W = (0 - 00)*/a*(&), (2)

the CI can be constructed as (OL, OU) with 0, = 0 — o(i‘)zd/z

and 0y = 0 + a(&)za/z, where (&) is a consistent estimate of

Ho: 9:90<—>H1:

the standard error (SE) of 0 and Z, is the 1 — o quantile of a
standard normal distribution. The subscripts ; and ;, are used
to denote lower and upper limits throughout this article.

Usually, ¢° (&) is taken as the corresponding diagonal element
of the inverse Fisher information matrix. Note that a 95 % CI
would require 2.5 % of the distribution at either side, which is
why « is divided by two to find the upper and lower limits.
Although the SE-based CIs are widely used and easy to
compute, they inherit some problems from the Wald test.
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Because the Wald test is not parametrization-invariant, the SE
based ClIs of different monotonic functions of the same
parameter are usually incompatible with each other. For
example, the upper and lower limits of a CI constructed for a
variance are usually not the squares of those of a CI for the
corresponding standard deviation (Neale et al. 1989). In
addition, the performance of a SE-based CI depends on
whether the Wald statistic is close to normally distributed for
the given parametrization and sample size. For example,
Fisher’s z transformation of a correlation usually requires
smaller sample size to achieve asymptotic normality than does
the original correlation parameter, and the coverage of a CI
based on the z transformation is usually closer to the nominal
level.

To avoid the problems above, Neale and Miller (1997)
proposed a likelihood-based CI by inverting the likelihood
ratio test (LRT). Because the LRT is parametrization-
invariant, the resultant CIs have similar behavior. To obtain
the likelihood-based CI, the function

(F(&) —F(§) +5,)" £0 (3)
is minimized with respect to parameter vector & = (0,¢’)’,
where F is the negative twice log likelihood function and
.’;‘ is the maximum likelihood estimate (MLE). The resultant
values of 0 at the minima are the upper and lower limits of
the CI. It was noted that this procedure is not strictly
equivalent to inverting a LRT because the value of the
likelihood function at the minima differs from their desired
values by a (usually slight) bias.

Confidence intervals close to a boundary

Because Cls are formed by inverting tests, they are no longer
valid when the tests are not valid. This situation is encountered
when the true parameter of interest 6, is on or close to its
boundary. When 6 is on its boundary, test (1) becomes a one
sided test because the alternative hypothesis now lies only on
one side of the null hypothesis, and the 3> asymptotic distri-
bution in a regular LRT is no longer valid. LRTs under such
situations have been the subject of a series of studies in general
multivariate statistics and in ACE models (Self and Liang 1987;
Shapiro 1988; Dominicus et al. 2006; Visscher 2006; Wu and
Neale in press). In general, when the parameter of interest is the
only parameter on a boundary and the Fisher information
matrix has full rank, the asymptotic sampling distribution of the
LRT statistic for test (1) is an equally weighted mixture of a y7
distribution and a point mass at 0 (Self and Liang 1987), and the
p value is half of that of a regular LRT (Dominicus et al. 2006).

Under such situation, the CI constructed by inverting the
LRT test also needs to be corrected, or it will no longer be
compatible with the test. It may happen that a (corrected) LRT
test rejects the null hypothesis because the corrected p value is

smaller than the specified « level, but the uncorrected CI still
contains the boundary because the p value of a regular LRT is
still larger than «. Nevertheless, modifying the CI involves
more than modifying a boundary LRT because the corrected
LRT can only suggest whether the boundary value is inside the
CI, while the modified CI needs to determine all true values
that would not be reject by the LRT, which concerns LRTs
with true values close to the boundary.

When the true value 0, is not on the boundary, the

chance that the MLE 0 falls beyond the boundary can be
made arbitrarily small by increasing sample size (which

decreases the variance of 0). This implies that the y* dis-
tribution is still valid as an asymprotic distribution.
Unfortunately, this asymptotic result is not helpful for the
current purpose of CI construction because (1) the actual
sample size required for a valid regular LRT increases
unboundedly as 0y gets closer and closer to its boundary,
and (2) it cannot give a CI that is compatible with the
corrected boundary LRT. The construction of a CI of 6,
which concerns a range of true values 6, in the neighbor-
hood of the boundary, must take into account the effect of a
finite sample to bridge the gap between the regular and
corrected asymptotic distributions.

In this paper, we propose two methods that yield a CI
compatible with the corrected LRT, one based on the inver-
sion of a Wald test and the other based on the inversion of a
LRT. For both methods, we begin with a simplified example of
a bounded mean parameter of a normal distribution and then
discuss models with bounded parameters in general. Algo-
rithms for computation will be given and simulation studies
and examples will also be presented.

Correction based on a Wald test
Testing a normal mean close to a bound

We begin with a brief review of the hypothesis testing
procedure and CI construction of the mean parameter p in
a normal distribution N(u,l1). If a random sample
{X1,X,,...,X,} of size n is obtained, we have ji=X.
Remember that ji is a random variable and has sampling
distribution N(,03), where piq is the true value of u in the
population and 63 = 1/n is the variance of the sampling
distribution. For a given sample and observed value ji.
and a given test value gy, the p value is defined as the
probability to obtain a i that is more extreme than the
current observation i, or

p= Pl"(|ﬂ - :u0| > ‘laobs - :u0|) = Z(D(_‘ﬂobs - ,u0|/0'()),
(4)

where ®@() is the cumulative distribution function (cdf) of a
standard normal distribution. If this p value is smaller than
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or equal to «, the specified significance level, the null
hypothesis of test (1) is rejected. The 100(1 — o) % CI is
obtained by solving for the yy from the inequality p > «
and is given by [l £ 00z,

When the boundary condition ¢ > 0 is imposed, the
MLE becomes ji" = max{X,0}. It coincides with f if
[t>0 but remains at zero if 4<0. As a result, it has a
similar distribution to ji except that a point mass on the
value zero replaces the part of the distribution below zero.
The size of this point mass is given by

go = Pr(ji" = 0) = Pr(X <0) = B(—pip/a0).

Because this distribution has both discrete and
continuous parts, neither a probability mass function
(pmf) nor a probability density function (pdf) can
describe it appropriately. Its cdf is shown in Fig. 1.

For a given observed value of the restricted MLE, ,Et:bs,
the p value can be calculated as

p=Pr(|i" — po| > itk — 1)
= Pr(fi" — o> [figos — tol) +Pr(it" — o < — |fids — tol)
:cD(_lﬂjbg _:u’0|/60)

N {q)(—|ﬂ§bs—ﬂo|/00) i i~ 20

0 if o — |tgs — Kol <O
_ { 2¢’(*|ﬂ§bs - ,“0|/°'0) %f 0 < frgps < 21 (6)
D(—(figes — Ho)/a0) if  figs > 2410

To understand this result, we first note that it is different
from Eq. (4) because the sampling distribution of i is
different from that of j. In particular, when
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Fig. 1 The cumulative distribution function (cdf) of the sampling
distribution of ™ = max{X,0} for a normal model N(u1) with a
bounded mean u > 0. Note the jump indicates the value O has a
positive probability. A regular normal cdf would follow the dashed
curve for negative values and no single value would have positive
probability
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o — itk — Ho| <0, the second term in (5) is 0 because
ft cannot take negative values. As a result, the p value in
this case is just a half of what it would be when no
boundary condition were imposed on parameter p. Note
the condition u, — |ty — 1o <O simplifies to fif > 2p
in Eq. (6). When puy— |tk — 1] >0, or equivalently
0< ﬁjbs <2uy, the p value remains the same as in a non-
bounded normal mean problem.

The p value given by Eq. 6 is plotted as a function of the
observed MLE ji" for pig = 1.5and 6y = 1inFig. 2. We note
that in the region of [0,21], the curve follows a two-sided
p value and is symmetric around the test value py. However, a
dent occurs at 2y where it switches from a two-sided p value
to a one-sided p value. If a horizontal line of p = o intersects
with the symmetric part of the curve, the o level test is the
regular two sided test; if the line intersects with the trailing part
of the curve, the o level test is the regular one-sided test; if the
line goes through the jump, the o level test is one-sided with
rejection region i, . > 24, and its actual type I error rate is
smaller than o. The last situation occurs when o lies between
20(—uy/00) and ®(—p,/09), or equivalently, when pq lies
between z,,,0¢ and z,0¢.

A confidence interval for a bounded normal mean

The Wald test adjusted CI of u can be obtained by col-
lecting all true values i that would yield a p value greater
than «. When the estimate is on the boundary, or ﬂ&s =0,
the CI is given by [0,00z,2]. When the estimate is not on
the boundary, solving for y from p > « using Eq. (6) can
be quite cumbersome due to the complicated form of the
p value. Instead, we plot the p value given by Eq. (6) as a
function of test value i for a fixed fij,, > 0. This plot is
shown in Fig. 3. We can see that the upper limit of the CI is
always calculated from the solid curve of a regular two-
sided p value and is always the same as the upper limit of a
regular CI for a normal mean, or ,&;Lbs + 0024/2. The lower
limit is more complicated, depending on which part of the
p value curve the horizontal line of p = « intersects. If
the line p = « intersects the solid part of the p value curve,

the lower limit of CI is given by ﬂz/ 2

= ﬂ;rbq — 002y/2, the
lower limit of a regular CI, and it must be greater than or
equal to fi}, /2, where the p value curve jumps. If the line
p = «o intersects the dashed part of the p value curve, the
lower limit of CI is given by max{j¥ 0}, where
[ = [its — 00z4, the lower limit of a 100(1 — 2a) % CI,
and it must be smaller than i, /2. If the line p = o goes
through the jump between the two branches, the lower limit
of CI is given by jify /2, the location of the jump. In
practice, one may calculate ﬂz/ 2, [ and i, /2, the three
potential candidates of the lower limit, and determine
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Fig. 2 The p value of a Wald test as a function of observed MLE
ﬂ;’bs for i = 1.5 and 6p = 1 in a bounded normal mean problem
(see Eq. 6). The horizontal line marks p = 0.1

which one to use according to their relative locations. The
above result is summarized in the following expression for
the adjusted CI (j, it):'

~o/2

fy =iy~ and
~a/2 . ~ ~o/2
iy’ it g /2< i (7)
i, = i 2 it <2<
L fops/2 Iy <figp /2 <
max (i, 0} i i <2

where jif = i, — 00z, and i}, = iy + 002, It should be
noted that when the true value lies between z,,,0¢ and z,0,
the Wald test adjusted CI is conservative, or has more
confidence than its nominal level 1 — o, because the
rejection rate of the corresponding Wald test is smaller than
o as discussed above.

The general case

In light of the above analysis of the simple problem of a
bounded normal mean, the general problem for a bounded
parameter in a parametric model can be solved. Let f(x|&)
be a statistical model with parameter vector & = (0,{)’,
where 0 is the parameter of interest. Let & and 0 be the non-

constrained maximum likelihood estimates (MLE) of £ and

0. When a lower bound of 0 is imposed on 0, let Etand 07
be the constrained MLEs. We assume the central limit

! All upper and lower limits of Cls in this article are non-inclusive
except for two cases: (1) a zero lower limit in both adjusted ClIs and
(2) a lower limit in Wald test adjusted CI that takes the value of the
middle point between the observed and the boundary values.

08 1.0
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0.6
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Fig. 3 Plot of p value in a Wald test as a function of test value gy
given [, > 0 in a bounded normal mean problem (see Eq. 6). The
(bold and regular) solid curve shows the two sided p value when p is
not constrained in Hy. The (bold and regular) dashed curve gives the
one sided p value. The discontinuous bold (solid and dashed) curve
shows the p value of a Wald test as given by Eq. 6. Three horizontal
lines denotes three different o-levels and their corresponding Cls are
also marked. They correspond to the three different situations when
calculating fi;. One should note that these different situations can
happen for a single a level if ji,,, varies. In this plot fi,, = 300

theorem (CLT) /n(0 — 0y) — N(0, 62(&,)) holds for both
boundary and nonboundary true values fo’s.2 Derivations
in the last section lead to a CI of the same expression as in
Eq. 7 with the u’s replaced by 0’s and g, replaced by

a(&%.) as its estimate. However, the CI in the last section

was derived under the assumption that 0 follows a normal
distribution with constant variance 3. In practice, nor-
mality only holds approximately through CLT with its
validity depending on the parametrization, and the variance

of 0 usually depends on the true value &,. To make the
adjusted CI parametrization-invariant, the four critical
quantities that appear in Eq. 7 must be based on the like-

lihnood function. These quantities are 0%, 6%/% 0% and
Os /2.

When @jbs >0, or Ejbs = &, is not on the boundary,
g)?]/z, @)Z/ *and @)Z can be calculated using a likelihood-based
approach as explained by Neale and Miller (1997). For

example, g);‘]/z is the upper limit of a regular 100(1 — o) %
CI and it must satisfy the condition that the LRT statistic is

2 This assumption is satisfied for most models as long as 0, is not an
natural boundary and no nuisance parameter is on or close to their
boundaries. See “Discussion” for the issues of a natural boundary and
boundary nuisance parameters.
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exactly X%,a = zi/z when the test (1) is tested using the
LRT, or

min F(&) = F(&) + 232 (8)
0=0,

where F is the negative twice log-likelihood function for
the given sample. Unfortunately in Neale and Miller
(1997), the limits of CI were computed using a suboptimal
algorithm, which minimizes Eq. 3. Minimizing Eq. 3 is not
equivalent to solving Eq. 8 and a bias is present in

min,_.» F(&). Exact solution of @'”,vj/z can be found by
U

maximizing 6 with respect to the whole parameter vector &
subject to the nonlinear constraint.’

F(&) = F(&gu) + 22, ©)

which can be easily implemented in both the classic- and
OpenMx (Neale 2004; Boker et al. 2011) for covariance
structure models (e.g. the ACDE models) and in R for a
general problem of a boundary parameter. Similarly, OZ/ 2
can be found by minimizing 6 with respect to & subject to
the constraint above. The third quantity @“, or the lower
limit of a regular 100(1 — 2a) % CI can also be obtained.

The fourth quantity present in Eq. 7 is @3]35 /2, the

middle point between the observed estimate 9;5 and the
boundary 0. In the case of a bounded normal mean, this
middle point plays a significant role because when 0y =
@ibs /2, Pr(0> @;)S) = Pr(0 <0) due to the symmetry of the
normal sampling distribution of 0. For a general parametric

model, it need not be a half of o

b Decause the sampling

distribution of 0 may not be symmetric. We replace it by
@m defined below through the likelihood function. This
desired midpoint 0,, should satisfy

F(&,) = F(Ea) = {F(&) — F() } /4 (10)

where 3,, is the MLE of & restricted to be on the boundary
0 = 0. The above equation specifies that the “distance”
between the middle point fm and the observed value &Obs is
just half of the distance from the observed value to the
boundary. Remember that difference in F measures the

squared distance. ém can be found by minimizing 6 subject
to the constraint F(&) = F(&.,) + (F(&,) — F(Es)) /4

When éjbg = 0, the lower limit of the CI must be éL =0.
For the bounded normal mean problem, the upper limit is

3 The “=” sign in the constraint can be replaced by “ < ” if the
constrained optimization algorithm requires that the starting value
satisfy the constraint. This is also the case for constraints in Eqs. 10
and 11
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CI (b1, 6v)

Obtain éu
(see below this figure)

Fig. 4 Flowchart of the procedure to obtain a Wald test adjusted CI

given by 0y = oozi o This is the value, if taken as the true

value, that would yield a sampling distribution whose point
mass on 0 is exactly go = /2. In terms of the likelihood
function, the LRT value should be zﬁ/z for a data set whose

non-constrained MLE & happens to be on the boundary, or
the distance between @)U and the boundary is z,,. If the
non-constrained MLE of the current observed data &,

with éobs <0 1is available, the squared distance between éobs

and the boundary @;S =0 can be measured by
F(&%) — F(&,p, ) Because the desired distance from 0y to

the boundary is z,,,, the desired distance between Oobs and

0y should be \/F(A:;bs) —F(E,,) + 24/2- Thus, 0y can be

obtained by maximizing 6 with respect to & subject to the
constraint

F<E>F<éobs>{ F(A:baF(éobs)wz} (1)

The general procedure of obtaining an adjusted CI based on
Wald test is illustrated in Fig. 4.

Correction based on the likelihood ratio test
Testing a normal mean close to a bound

It should be noted that the CI proposed above is based on a
Wald test corrected for the boundary condition. It is in
general not equivalent to inverting a (corrected) LRT
unless the test value is on the boundary. This non-equiva-
lence can be observed by revisiting the case of a bounded
normal mean. The LRT for the hypothesis testing problem
in (1) would use the statistic
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(= po)* = (=R’
%

— { (v — Ho)z/(f(% if

po(o — 2ft) /g if

T:

0
: (12)

which is plotted in Fig. 5. When o = 0, or the true value
is on the boundary, T = W and the two tests are equivalent.
When puo > 0, this test statistic coincides with the Wald
test statistic in Eq. 2 only if 1 = i > 0. If the unrestricted
MLE [i violates the boundary condition, we have i<t =
0 and T increases linearly in |fi|. As a result, as long
as uo > 0, the LRT may reject the null hypothesis if the
unrestricted MLE ji is negative with a large absolute value,
resulting in a rejection region for both positive and nega-
tive [i’s, as illustrated in Fig. 5. This is in contrast to the
Wald test, which uses only the information of g™ and only
rejects positive fi’s when g < z,/,00. Figure 5 shows when
the lower rejection region is beyond the boundary, it is
farther away from the true value than the upper rejection
region, resulting in a smaller rejection probability on the
left tail than on the right tail.

For up > 0, given an observed LRT statistic ¢, from
Eq. 12, the p value can be calculated as

p=Pr(T>1t) =

Fig. 5 Plot of LRT statistic 7 as a function of i for a normal
distribution with g9 = po = 1. If the alternative model has no
boundary constraint on p, T follows the (bold and regular) solid
curve. If the alternative model imposes u > 0, T follows the bold
(dashed and solid) curve. The rejection region {7 > 2.5} is also
marked for the second case

if gy —oor>0

if gy — oo >0
cb(—t%)+q>(—%(§—g+zg—g)) iy — oot <0

In terms of the observed MLE [, when ji,, =
jit, >0, we have 1 = (jig, — f1)° /0% and Eq. 13 becomes

{ Z(D(_Laobs - ,LL()l/O'O)
p=

~ ~ 2 . ~
O(—|ftops — Hol/00) + <1>(—uo/200 — (fops — o) /260uo> if i — fons| > 1o

Note in this case 602 = /o (g — 2ftops) > Ho» SO only the

second line in Eq. 13 is relevant to produce Eq. 15.

it 1y — fons| < o

When fig, <0 = fify, we have = py(ttg — 2fions) /05 and
Eq. 13 becomes

P = ®(=/sto{ro = 2ies) /50 ) + V(= (o — fi)/0)
(15)

The p value is plotted in Fig. 6 as a function of the
unrestricted MLE i, for yp = 1.5 and oy = 1. Because
this curve does not have jumps, a test with exact type I
error rate of o exists for all «. In addition, the rejection
region lies on both sides for all o.
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Fig. 6 The p value of a LRT as a function of observed MLE
flops for o = 1.5 and 09 = 1 in a bounded normal mean problem
(see Egs. 14 and 15). The horizontal line marks p = 0.1

A confidence interval for a bounded normal mean

To obtain the CI, we only need to find the true value y, for
which the p value is greater than o. If fi,,, = i, > 0 the p
value in Eq. 14 is plotted in Fig. 7 as a function of the test
value uo. We can see the upper limit of the CI, similar
to that of the Wald test adjusted CI, is always given
by ,&‘Z]/Z = [lobs T 00252, the upper limit of a regular
100(1 — o) % CI. The lower limit of the CI is more com-
plicated, depending on whether the horizontal line p = o
crosses the (bold) dashed part of the curve or the (bold) solid
part of the curve. The two parts of the p value curves join
each other at i /2. If the horizontal line crosses the (bold)
solid part of the p value curve, the resulting lower limit is
given by i/% = fiyp, — G0zs /2 the lower limit of a regular
100(1 — ) % CI, and it satisfies 'az/z > fiops/2. If the
horizontal line crosses the (bold) dashed part of the p value
curve, the resulting lower limit ji; satisfies the equations

O(—|figes — 15]/00)
+ ®(~13/200 = (o — 1)’ /200
— 4, (16)

and [Ij <[ts/2. The above result is summarized below as

~o/2 ~
NZ/ 2 :uobs/2

iy =i and iy =
U — MU L — N . ~0/2 ~
,uI*J if #Z/ <:u0bs/2

where (ﬂi/z,ﬂfj/z) is a regular 100(1 — o) % CI, and [}

satisfies Eq. 16. If jip<fih, =0, immediately we
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Fig. 7 Plot of p value in a LRT as a function of test value y, given
flobs > 0 in a bounded normal mean problem (see Eq. 14). The (bold
and regular) solid curve shows the two sided p value when y is not
constrained in H;. The bold (solid and dashed) curve shows the
p value of a LRT as given by Eq. 13. The one sided p value is also
included as a dotted curve. Note the dotted curve and the bold p value
curve only intersect at 1o = 0 but are very close to each other over a
range of positive pg. Two horizontal lines denotes two different
a-levels and their corresponding ClIs are also marked. They
correspond to the two different situations when calculating ji;. One
should note that these different situations can happen for a single o
level but for different ji,’s. In this plot i, = 300

have fi; =0 and ji; is given by the value fi, that
satisfies

O =/ i1y (i = 2ftons) /00 | + @(— (it — flons)/00) =
(v

(17)
Comparing the LRT adjusted and the Wald test adjusted
Cls, we can see that when éobs = @(fbs > (0, both methods

produce the regular CI (HZ/ 2 @)?]/2) if the lower limit is larger

than the middle point between Oobs and the boundary 0. If this
is not true, the two methods differ in how to adjust the lower
limit. As can be observed from Fig. 7, the Wald test adjusted
Cl gives a higher lower limit than the LRT adjusted CI, though
these two lower limits may be numerically the same over a
region above the boundary. When the observed data violate
the boundary condition, the lower limit of the CI must be 0,
and the two methods differ on how the upper limit be calcu-
lated. The Wald test adjusted CI has the same upper limit

irrespective of the unrestricted MLE @Obs, while LRT adjusted

CI considers the information from @obs <0 and has a smaller
upper limit.
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The general case

To extend the above arguments to the general case of a
bounded parameter and to achieve invariance under
reparametrization, quantities in the CI must be likelihood-
based. In the end of Section “Correction based on a Wald
o/2
U

test” we provided the algorithms for finding @)Z/ 2,@ and

the middle point @)m, Below we give the procedures to

calculate likelihood based 92 and @B, the counterparts of ji;
and fij, in Eqs 16 and 17.

When gy, = éjbs >0, @z needs to be calculated. Its
counterpart in the normal model, fij, satisfies Eq. (16),
where |ily,s — fi5|/00 gives the distance between fi,, and
i, and [ij /oo is the distance from ji to the boundary 0.
For a general parametric model with bounded parame-
ter 0, |ftons — K;|/00  can  be  replaced by

rt= \/ ming_g; F(&) — F (&), an approximation of the
distance from @)z to @obs, and fij /o by r, — r', where r, =

F(&,) — F(&) is an approximation of the distance from 0

to the boundary. Note that 8,, is the MLE constrained to be
on the boundary (i.e., @)b = 0). Thus, @)z satisfies

(=) + q)(—; (r,, o r::)) _— (18)

where r as explained above is a function of éz Following

from this equation, one may obtain @z by minimizing 6
with respect to & subject to

d)(—r)+d><—%<r,,—r+rbrj r>> >0 (19)

where r> = F(&) — F(&). Note r;, can be obtained before
the optimization.

When s <0 = 0

obs?

the upper limit of the CI is @)’{] For
@’[‘,, its counterpart fij, in the normal model satisfies Eq. 17,
where /[, ({15, — 2ftops)/ 00 is the square root of the LRT
statistic ¢ if uo = wy in the test (see Eq. 12), and
(I, — Itgps)/ 00 is the distance between fij, and [i,,,. As a

result, @Z should satisfy
O(—r]) +D(—1r3) =« (20)

where 1 = \/mingié*y F(&) —F(&,,) and 1=

\/minﬁz% F(&) — F(&y,) are both functions of 0;.0;

can be obtained by maximizing 6 with respect to € under
the constraint

O(—r1) + O(—r2) >0, (21)

where 12 = F(&) — F(&y,) and 12 = F(&) — F(EL,).

obs

Begin here
to obtain
LRT adjusted
CI (01, 0v)

-

Fig. 8 Flowchart of the procedure to obtain a LRT adjusted CI

Both the two optimization problems above for obtaining

é’l} and @z can be solved numerically. However, they are
less stable than those for obtaining the Wald test based CI.
One reason is that the nonlinear constraints in these prob-
lems are expressed in terms of the p values, which, when
small, become very insensitive to parameters. The general
procedure of obtaining an adjusted CI based on LRT is
illustrated in Fig. 8.

Simulation study
Study I

We first present a simulation study for the simple case of a
bounded normal mean y > 0. In this study, we set o = 1
and vary the true value pg, which takes four values 0, 1, 1.9
and 2.5. 10,000 replications are used for each true value to
simulate the missing probabilities* of the two adjusted Cls
and an unadjusted CI. The unadjusted CI is an naively
computed CI whose upper and lower limits are determined
to give an increase of 72, in negative twice log-likelihood.
The result is summarized in Table 1.

We can see that the unadjusted CI has correct missing
probabilities from below the lower limit in all cases
because the upper tail of the sampling distribution is not
affected by the boundary. However, the missing probability
from above its upper limit is smaller than the nominal
value. Especially, when the true value is on the boundary,
because the upper limit of an unadjusted CI cannot be
below the boundary, the missing probability from above

4 je. the probability that the true value is not covered by the CIL.
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Table 1 Missing probabilities of the unadjusted and two adjusted Cls
in simulation study I

u=0 upu=1 pu=19 upu=25
Unadjusted Lower 2.69 2.18 2.36 2.36
Upper 0 0.66 2.31 242
Total 2.69 2.84 4.67 4.78
Wald test adjusted Lower 5.07 4.74 2.71 2.36
Upper 0 0 0 2.42
Total  5.07 4.74 2.71 4.78
LRT adjusted Lower 5.07 3.24 2.36 2.36
Upper O 1.48 2.31 242
Total  5.07 4.72 4.67 4.78

The lower and upper missing probabilities are probabilities that the
true value falls below the lower limit or above the upper limit of the
CI. Entries are percentages based on 10,000 replications. Monte Carlo
error is about £0.43 % for missing probabilities that are supposedly
5 % and + 0.31 % for those supposedly 2.5 %

the upper limit is 0, making the total missing rate only half
of its nominal value.

The LRT adjusted CI have the correct overall missing
probabilities. In particular, when yy = 0, the missing
probability come from below its lower limit, which cor-
responds to samples on the upper tail of the sampling
distribution. This is not surprising because in this case the
test of y = g is one-sided and only samples on the upper
tail of the sampling distribution should be rejected. As py
moves away from the boundary, the CI becomes gradually
balanced. When py > z,/, the rejection region of the LRT
test coincide with the traditional two sided z-test and the CI
has balanced missing probabilities.

For the Wald test adjusted CI, the missing probability
from above its upper limit stays at zero for yy < z,, and
becomes half the nominal missing rate for iy > z,,. This
is consistent with the fact that a Wald test is one-sided in
the former case and becomes two-sided in the latter case as
explained by Fig. 2. The missing probability from below
its lower limit is 5 % for ug < z, and is 2.5 % for py >
Z,2, as expected for a one-sided test and a two-sided test,
respectively. When py = 1.9, which is between z,, and z,,
the CI has smaller missing probability than its nominal
level.

Study II

The second simulation study is conducted with a univariate
ACE model, in which the variance components az, ¢ and
¢” have lower bounds of 0. In this study, we are interested
in the estimation of the standardized component of com-
mon environment ¢*. Four different conditions are chosen
with ¢> = 0, 0.15, 0.2 and 0.25. In all four conditions, ¢” is
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Table 2 Missing probabilities of CIs in simulation study II

=0 =015 =02 =025

Unconstrained Lower 2.62 2.67 2.72 2.86
Upper 2.55 2.48 2.21 2.28

Total  5.17 5.15 4.93 5.14

Unadjusted Lower 2.62 2.67 2.72 2.86
Upper 0 1.76 2.15 2.28

Total  2.62 443 4.87 5.14

Wald test Lower 5.16 5.21 5.03 2.86
adjusted Upper 0 0 0 2.28
Total  5.16 5.21 5.03 5.14

LRT adjusted Lower 5.16 3.25 2.80 2.86
Upper 0 2.16 2.18 2.28

Total  5.16 5.41 4.98 5.14

The lower and upper missing probabilities are probabilities that the
true value falls below the lower limit or above the upper limit of the
CI. Entries are percentages based on 10,000 replications. Monte Carlo
error is about £0.43 % for missing probabilities that are supposedly
5 % and +0.31 % for those supposedly 2.5 %

set at ¢* = 0.1 and @ is chosen such that the total variance
is 1. The sample sizes are nyz = npy = 150 for the MZ
and DZ twins. 10,000 replications are used and all repli-
cations are convergent for all procedures.’ The missing
probabilities from below the lower limits and above the
upper limits of different types of Cls are shown in Table 2.
The unconstrained CIs are Cls calculated for an ACE
model with ¢* allowed to become negative. The unadjusted
Cls are CIs obtained from the ACE model in the traditional
way without adjustment. They differ from the uncon-
strained CIs in two ways: first, their lower limit cannot be
negative; second, when a boundary MLE is obtained, their
upper limit produces an increase of z2 in negative twice
log-likelihood computed at the boundary MLE instead of at
a non-constrained MLE and is therefore greater than that of
the unconstrained Cls.

The unconstrained CI has correct total missing proba-
bilities under all conditions. This is not surprising as no
boundary issue arise in this case. This CI is included to
show that the y* approximation works well for the given
sample sizes when no boundary is present. The missing
probabilities for the remaining three types of Cls in the
table exhibit a similar pattern to simulation study I, except
that a missing probability smaller than the nominal value is
not observed for the Wald test adjusted CI in this study.

Table 3 compares the sizes of the adjusted CIs. When
boundary MLE is obtained, the lower limits of both CIs
must be zero and the LRT based CI has smaller upper limit
and is therefore shorter. When the MLE is not on the

> Non-convergent replications were handled by manually adjusting
the starting values until convergence was reached.
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Table 3 Comparison of JE 2 =015 2 =02 2 — 025
adjusted ClIs in simulation
study II e=0 Uw > ULpr 49.77 9.95 379 128
>0 0=Ligr = Ly 45.07 55.20 4253 27.23
0<Ligr =Ly 2.63 11.79 14.92 15.98
0 < Ligr < Lw 2.53 23.06 38.76 55.61
Subtotal 50.23 90.05 96.21 98.82
Overall Clw > Cli gt 49.77 9.95 3.79 1.28
Length Clw = Clirr 47.70 66.99 57.45 43.11
Entries are percentages based on 15055500 Cly < CI gr 253 23.06 38.76 55.61

10,000 replications

Table 4 Comparison of expected lengths of the two adjusted Cls in
simulation study II

=0 =015 =02 =025
é=0 Clw 0220 0221 0.222 0.224
ChLgr 0.152  0.178 0.185 0.188
é>0 Clw 0296 0331 0.341 0.344
CLrr 0296 0333 0.346 0.351
Overall Cly 0.258 0.320 0.336 0.342
Chigr 0225 0318 0.339 0.349

Entries are based on 10,000 replications

boundary, both CIs have the same upper limit, which is
also the upper limit of an unconstrained CI. In this case, the
lower limit of the LRT adjusted CI is smaller than or equal
to that of the Wald test adjusted CI. The two types of CIs
have the same lower limits if both limits are close or equal
to 0 or are above the middle point é,zn. The overall fre-
quencies of relative sizes depends on the frequency of
occurrence of boundary MLEs. However, the expected
lengths of the two kinds of Cls are very close to each other,
as suggested by Table 4.

Figure 9 plots the calculated middle point 6,%1 against the
MLE é>*. A reference line with slope 0.5 is also plotted. It
can be observed that as the estimate is away from the
boundary, the calculated middle point deviates from and is
greater than half of the standardized estimate.

Examples
Depression data

For illustration, we use the data published by (1992,
Chapter 6) as reproduced in Table 5. These data come from
a sample of adult female twin pairs drawn from birth
records in the Commonwealth of Virginia, USA. An ADE
model is fitted with different thresholds for the two twin
types and the parameter estimates and unadjusted 95 % Cls
are summarized in Table 6. As the total variance is

Middle point from MLE to O
010 015 020 025 030 035
1

0.05

0.00

0.0 0.1 0.2 0.3 04 0.5 0.6
MLE of standardized ¢

Fig. 9 Plot of middle point ¢2, against ¢?/2 in simulation study II

Table 5 Contingency tables of twin pair diagnosis of lifetime major
depressive illness

Twin 2 MZ DZ

Twin 1 Twin 1

Normal Depressed Normal Depressed
Normal 329 83 201 94
Depressed 95 83 82 63

constrained to unity for the purpose of identification, all
variance components are standardized components and are
bounded between zero and one. For the A and D compo-
nents the lower bound of zero is attainable while for the E
component the upper bound of one is attainable.® As the
MLE is not on any boundary, we only need to consider the

% See “Discussion” section for the distinction between natural and
attainable boundaries.
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Table 6 Parameter estimates and CIs in the ADE model fitted to the
depression data

Table 8 Parameter estimates and Cls in the ADE model fitted to
the BMI data

Parameter MLE Unadjusted and Wald/LRT adjusted CI Parameter MLE  Unadjusted CI ~ Wald/LRT adjusted Cls
a 0.303 0.000 0.530 Original
& 0.131 0.000 0.542 a 0.248 0.000 0.571  0.000 0.571
e 0.566 0.452 0.689 & 0295 0.000 0.592 0.038 0.592
Mz 0.549 0.464 0.634 & 0.137 0.116  0.165 - -
tpz 0.404 0.314 0.494 Standardized
tmz — bz 0.145 0.021 0.269 a 0.365 0.000 0.805 0.000 0.805
2

The negative twice ML is 2509.632. The two adjusted CIs both ¢ 0433 0.000 0824 0.055 0.824

& 0202 0.165 0.248 0.165 0.248

coincide with the unadjusted CI

Table 7 Covariance matrices of MZ and DZ male twin pairs of age
under 30 for body mass index: 1981 Australian Survey

MZ twins (nyz = 251) DZ twins (nyz = 184)

0.597
0.448

0.448
0.569

0.719
0.245

0.245
0.818

The raw data was transformed as 7 In(BMI) — 21

lower limits of the CIs of A and D components and the
upper limit of the CI of the E component. Fortunately the
90 % ClIs of the A and D components both have lower limit
of 0, so their adjusted 95 % Cls must have lower limits
zero. For the E parameter, the 90 % CI has an upper limit
of 0.672. When ¢ = 1, the negative twice ML is 2556.185,
about 46.553 larger than that of the ADE model. To find
the middle point between é*> and its boundary, we set the
negative twice ML at (46.553/4 4+ 2509.632 = 2521.270)
and maximize the ¢” parameter, yielding a value of 0.780.
This middle point is closer to the boundary than both the
upper limits of the 95 % and 90 % Cls, so the CI need not
be adjusted as well. It should be noted that because more
than one parameter in this example is close to its boundary,
all CIs displayed in Table 6 may be conservative.

Body mass index data

Another example includes body mass index (BMI) data
from a survey of volunteers from the Australian NH &
MRC twin register (Neale and Cardon 1992, Chapter 6).
Table 7 contains the covariance matrices of log-trans-
formed BMI of male MZ and DZ twins with age less than
30. An ADE model is fitted to the data and the estimates
are summarized in Table 8. For the original parameters,
both the A and D components have an attainable lower
bound of zero and their estimates are positive, so the lower
limits of their CIs may need to be adjusted. For the A
component, the 90 % CI also has a lower limit of zero, so
the adjusted CI must have a lower limit of zero. For the D
component, the 90 % CI has a lower limit of 0.038 and the
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The two adjusted Cls coincide to the accuracy presented

middle point between d? and zero is 0.144, so the adjusted
lower limit should be 0.038 if the Wald type adjustment is
used. If the LRT type adjustment is used, the lower limit
should be separately calculated and is also 0.038.

The standardized components are proportions of the A,
D and E components in the total variance and are more
interesting to researchers. The standardized a, d¢ param-
eters have an attainable lower bound of zero and the
standardized e have an attainable upper bound of one.
Again, for the standardized A component, the 90 % CI has
a zero lower limit and therefore the adjusted CI should also
have lower limit zero. For the standardized C component,
the lower limit of a 90 % CI is 0.055 and the middle point
between the estimate and the boundary is 0.210, so the
adjusted CI should have a lower limit of 0.055 if the Wald
type adjustment is employed. If the LRT type adjustment is
used, the lower limit is still 0.055. The standardized E
component is estimated far away from its upper bound of
one and its CI is unlikely affected. In fact, its 90 % CI has
an upper limit of 0.240 and the middle point between its
MLE 0.202 and its upper boundary ¢* = 1 is at 0.471,
much larger than the upper limits of both the upper limits
of the regular 90 and 95 % Cls.

Discussion

In this article we proposed two methods of CI adjustement
when the true parameter is close to its boundary. These
methods originate from Wald test and LRT of the a
bounded normal mean parameter and are generalized and
made parametrization-invariant. The proposed Cls do not
touch the boundary if the (corrected) LRT rejects the
boundary null hypothesis. Several points need to be con-
sidered before concluding the article.

First, Carey (2005) suggests the removal of the lower
bounds on (scalar) variance components (and the more
general inequality constraints of positive-semidefiniteness
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on a matrix variance component). This approach does
remove the technical issue in hypothesis testing and CI, but
on the other hand renders the model difficult to interpret
because a variance cannot be negative. In particular,
neglecting the lower bounds may yield a CI of a variance
that includes negative values. This approach was motivated
in a time when no adjusted LRT or CI was available. With
the advance in statistical methodology (e.g. Dominicus
et al. 2006), this approach may no longer be the best
strategy for testing a variance component. The research
presented in this article is to further provide Cls that give
consistent results with the adjusted test.

Second, CI adjustment is only needed when the boundary of
concern is not the natural boundary of the statistical model,
which we now define. A parameter on or beyond its natural
boundary leads to an invalid or degenerate distribution of the
data. For example, a binomial parameter p beyond the boundary
of (0,1) does not define a valid binomial distribution, and
similarly a population correlation between observed variables
cannot be beyond (—1,1). However, a correlation between
latent variables may still define a valid multivariate normal
distribution even if it is beyond this range, as a large residual
variance may guarantee the positive-definiteness of the
covariance matrix of the observed variables. In this case, + 1
are no longer natural boundaries of the parameter. In terms of an
univariate ACE model, the lower bound of zero is the natural
boundary for parameter ¢*. Because the MLE of ¢ never vio-
lates this natural boundary, the regular LRT and the likelihood-
based CI need not be modified in this case. In contrast, az, cor
d? can be estimated at zero, so these boundaries are attainable
and their LRTs and CIs need to be corrected.

Third, both the two proposed adjusted Cls are unbal-
anced in the sense that the missing rates beyond the two
limits of a CI are not the same. Although this seems a
drawback of the current procedure, it is a necessary feature
for adjusted CIs near a boundary. To see this, we note that
when the true value 0, is on the boundary, the test in Eq. 1
is necessarily a one-sided test on the upper tail of the
sampling distribution and 6, can only be rejected from
below the CI. As a result, the missing rate from above the
upper limit of the CI must be 0. On the other hand, if 6 is
far from the boundary, the test is not affected by the
boundary condition and the CI is balanced. To connect the
above two extreme cases, the adjusted CI must become
gradually unbalanced when the true value approaches the
boundary, with the missing rate from above the upper limit
decreasing from o/2 to O and that from below the lower
limit increasing from o/2 to o.

Fourth, as we have discussed and illustrated with sim-
ulation, between the two proposed methods, the Wald-test
adjusted CI is shorter when the MLE is not on the boundary
and the LRT adjusted CI is shorter when the MLE is on the
boundary. It seems appealing to choose the method of

adjustment to produce the shorter CI. Unfortunately this is
not a valid procedure as it would result in under-coverage
of the CIL. To see this, remember as a frequentist concept,
coverage concerns not only the situation of the current
observation but also observations that would have been
observed. If under those hypothetical situations a different
method would be chosen to produce a shorter CI, the
coverage probability would be smaller than using one
method consistently.

Last, the development of the two adjusted CIs assumes
that the parameter of interest is only close to one boundary
and is the only parameter that is close to a boundary.
Because the sampling distributions of the Wald and LRT
statistics are affected by boundary conditions of all
parameters, the proposed CIs may not produce desired
coverage if a parameter not being considered is close to its
boundary or the parameter of interest is subject to addi-
tional boundary conditions.” However, in such cases, it is
still advisable to use the proposed adjustments instead of a
CI that neglects all boundary conditions. This is because
the current approach still includes partial boundary infor-
mation of the parameter space in such cases and is expected
to produce CIs whose coverage probabilities are closer to
the nominal ones. For example, the adjustment of CI of the
standardized ¢* when ¢” is close to 1 in an ACE model is
invalid, because the boundary condition of ¢* = 1 implies
a* = ¢* = 0, which involves two parameters. Geometri-
cally, the parameter space is given by {a* + ¢* +
e?=1,a>>0,c¢*>0and ¢ >0}, which defines an
angular region near the point ¢? = 1. The proposed
adjustments assume the parameter space is a half plane
{a*> + 2 + ¢ =1 and ¢* < 1}, which is larger than the
true parameter space but still more restricted than the plane
{a* + ¢* + ¢* = 1} assumed in the regular CIL.

Summary and conclusion

In this article we present two adjustments to traditional CIs
when the parameter of interest is close to its boundary. The
Wald type adjustment inverts a Wald test based on the
inequality-constrained MLE. The LRT type adjustment
inverts a LRT. Both adjustment methods are developed to
be invariant under reparametrization and are consistent
with the corrected LRT for a boundary null hypothesis.
Both methods also give the regular CI when the MLE is far
away from the boundary. The Wald type adjustment is
relatively simpler but may give CIs with higher confidence
than its nominal level in some cases. The LRT type
adjustment is more complicated but does not suffer from

7 Similarly, a regular CI for an unbounded parameter may not be
valid when another parameter is close to its boundary.
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this problem of being conservative. The Wald type
adjustment tends to give longer CIs when the MLE is on
boundary, while the LRT type adjustment tends to give
longer CIs when the MLE is not on the boundary, but the
expected lengths of the Cls do not differ much.
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